We obtain the leading divergences at two loops for the decay K S → γγ using only one-loop diagrams. We then find the double chiral logarithmic corrections to the decay branching ratio. It turns out that these effects are numerically small and therefore make a very small enhancement on the branching ratio. We also derive an expression for the corrections of type log µ × LEC. We find out that these single logarithmic effects can be sizable but comes with opposite sign with respect to the double chiral logarithms. Some numerical results are presented.
Introduction
not possible to unambiguously define the double log corrections from only one loop calculations.
Two comments are appropriate to mention. In the study of ππ scattering to two-loop accuracy within SU(2) ChPT, it was found that the bulk portion of the correction to the threshold parameters are due to the chiral logarithms [12] . This is not commonly the case in the SU(3) ChPT calculations. For instance, the double chiral logs in the vector form factor, f + (0), related to the semi-leptonic kaon decay only make up about 25% of the NNLO correction [13] . We are therefore curious to know what happens about the size of the leading logs for a process like K S → γγ with only two outgoing photons, reminding the fact that a combination of ChPT and dispersion relations can satisfactorily predict the experimental data.
The structure of the article is as follows. A brief introduction to the weak and strong chiral Lagrangian up to NLO is given in Section 2. In Section 3 the kinematics for the process K S → γγ is discussed and one-loop result is reviewed in Section 4. The procedure in which we can derive the leading log corrections and its link to the leading divergences are explained in Section 5. Our analytical result concerning the single and double log correction are provided by Section 6. Section 7 summarizes our numerical results. The divergent part of the integrals are given in the Appendix.
Chiral Lagrangians at O(p

2
) and O(p 4 
)
We employ chiral effective Lagrangians in order to study the low energy dynamics of the strong and weak interactions. The Lagrangians we use in the present work are the leading order and next-to-leading order chiral Lagrangians. The expansion parameter is in terms of external momenta, p, and quark masses, m q . Quark masses are counted of order p 2 due to the lowest order mass relation m 2 π = B 0 (m u +m d ). Here we briefly discuss the leading order and next-to leading order strong and weak chiral Lagrangian. The leading order Lagrangian which is of order p 2 , has the form
The subscript in L 2 indicates the chiral order. L S2 refers to the strong sector with ∆S = 0 and L W 2 stands for the effective weak interaction with ∆S = ±1.
For the strong part we use [14] 
where F 0 is the pion decay constant at chiral limit and we define the matrices u µ and χ ± as the following
The matrix U ∈ SU(3) contains the octet of light pseudo-scalar mesons with its exponential representation given in terms of meson fields matrix as
where
We use the method of external fields discussed in [15] . The external fields are then defined through the covariant derivatives as
The right-handed and left-handed external fields are expressed by r µ and l µ respectively. In the present work we set
The electron charge is denoted by e and A µ is the classical photon field. The Hermitian 3 × 3 matrix χ involves the scalar (s) and pseudo-scalar external densities and is given by χ = 2B 0 (s + ip). The constant B 0 is related to the pion decay constant and quark condensate. For our purpose it suffices to write
The ∆S = ±1 part of the weak effective Lagrangian contains both the ∆I = 1/2 piece and the ∆I = 3/2 transition and has the form [16]
where the low energy constants G 8 and G 27 are defined in terms of dimensionless couplings g 8 and g 27 as
The matrix ∆ ij is given by
The 
At order p 4 , the chiral Lagrangian consists of two parts as
The SU(3) strong Lagrangian at next to leading order contains 10+2 independent operators with corresponding low energy constants (LEC's) [17] 
Terms with H 1 and H 2 are only needed for renormalization and do not appear in physical processes. The field strength tensor is defined as
In order to absorb the infinities arising from the loop integrals, the low energy constants need to be renormalized in an appropriate way. This is done in [17] by splitting the constants into a finite renormalized part and a infinite piece as
where d = 4−ǫ is the space-time dimension in dimensional regularization. The constant c depends on the regularization scheme used and for ChPT in the minimal subtraction scheme we have c = − 1 2
(log 4π + γ E + 1). The coefficients l i and h i are listed in Table. 1.
The non-leptonic weak octet Lagrangian at NLO is discussed in full detail in [18] . The Lagrangian with all the terms relevant for the decay K S → γγ is 
We use the basis for the operators in the Lagrangian above as set in [19] . In the same fashion as we do in the strong Lagrangian, the weak LECs in the weak Lagrangian have to be renormalized in a proper way. The renormalization procedure is performed by evaluating the one loop divergences in [18] with
The constants n i are quoted in Table 1 .
Kinematics for the decay K S → γγ
The decay amplitude of K S → γγ with the following momentum assignment
has the form where ǫ 1 µ and ǫ 2 ν are the polarization four-vectors of the outgoing photons carrying momenta q 1 and q 2 respectively. Due to the gauge invariance, Lorentz symmetry and Bose symmetry, M µν (q 1 , q 2 ) takes on the specific form
where p = q 1 + q 2 and q 2 1 = q 2 2 = 0 for photons with on-shell masses. The decay width for a decay with two particles in the final state reads
4 ChPT result at O(p
)
The decay amplitude gets no tree-level contribution of order p 2 and p 4 . This is because all the particles involved here are neutral particles. Thus, the leading non-zero part of the amplitude originates from loop diagrams constructed out of strong and weak Lagrangians of order p 2 . The relevant Feynman diagrams for this decay is depicted in Fig. 1 . Since tree diagrams are absent here, we therefore expect that the sum of all the Feynman diagrams ends up finite, i.e. all infinities from loop integrals vanish. We show our result in a form that full agreement with the earlier formula given in [3, 4] can be simply understood.
The following analytical result is achieved
where β = 1 − 4m 2 π /p 2 . m π and F 0 are the bare pion mass and bare pion decay constant, respectively. One can see from the expression above that the pion loop contribution decouples from the kaon one. The bare parameters which appear in the decay amplitude makes the definition of the amplitude at this order numerically ambiguous. One convenient way of resolving the issue is to shift the bare quantities into their physical values but at the same time, one should keep track of all corrections which now go over to higher order. Hence, we define F (4) in terms of physical quantities such that 6) . This can be done by correcting the bare parameters up to one-loop order as m 2 π = m 2 π,phys − δm 2 for pion mass and F 0 = F π − δF for the pion decay constant. The corrections δm 2 and δF provided by [17] contain chiral logarithms and NLO low energy constants . We present here only part of the correction F (6) which entails chiral logarithms and LECs:
).
Leading Logarithms in ChPT
Chiral perturbation theory is a non-renormalizable field theory, in the sense that the cancellation of the infinities arising from loop integrals at a given order, requires local operators with higher derivatives with respect to the lowest order Lagrangian. In the strong sector for instance, there are only two operators in the leading Lagrangian, 10+2 operators in the next-to-leading Lagrangian and 90+4 operators in the next-to-next-to-leading Lagrangian. The number of operators, thus, grows fast in going to higher orders. It was pointed out by Weinberg for the first time [20] that we can obtain information about the structure of the leading divergences at two-loop in a non-renormalizable field theory like ChPT by performing only one-loop calculations. In addition, this means that we can get the leading logarithmic corrections at two-loops from one-loop computations in ChPT. The generalization of this idea to any higher order is carried out in [21] . They derived in [21] general relations that allows one to determine the leading and subleading poles at any order in terms of one-loop diagrams. In the following we recapitulate some results obtained in [22, 23] emphasizing on the relation which connect double chiral logarithmic corrections at two-loops to one-loop diagrams. Besides, we find that logarithmic corrections of type log µ × (L i or N i ) can be obtained by determining singularities like (L i or N i )/ǫ. In general we can expand the bare Lagrangian with increasing power of as
where L n itself consists of a series of operators as
The energy scale µ is defined such that the renormalized Lagrangian at all -order has space-time dimension d where d = 4 − ǫ. The renormalization at a given order is achievable by subtracting the needed infinities from the low energy constants in order to absorb the infinities coming from loop integrals and in the end to find finite result for a quantity at hand. Thus, it is necessary to write out the bare low energy constants c 
We call c n i,0 , the renormalized low energy constant to be determined from phenomenology. Lets call L n l loop diagrams of order n with l as the number of loops in the diagrams. A loop integral can be expanded in powers of poles in ǫ,
We show first how renormalization procedure works at one loop order. It is worth mentioning that it was proven in [21] that the physical amplitude can be made finite with only taking into account the one-particle irreducible diagrams at each order. At one loop order, the loop diagrams are made out of vertices taken from lowest order Lagrangian, L (0) and there is a contribution from counterterms taken from L (1) which all together add up to
where {...} indicates the combination of all relevant low energy constants. Taking into account the expansion µ −ǫ = 1 − ǫ log µ + ..., the cancellation of the infinities at one loop order results in
Applying the relation above, the log µ dependent portion of the one loop amplitude comes out
At two loop order the full expression contains both local and non-local divergences. The former contribution comes from a tree diagram derived from L (2) . The latter one originates from two loop diagrams with vertices from Lagrangians L (0) , and from one loop diagrams which involve vertices from L (1) . We therefore can express the full result followed with expansion in ǫ-poles as
We substitute the expansion µ −2ǫ = 1 − 2ǫ log µ + 2ǫ 2 log 2 µ + ... into the above relation and ask for the cancellation of infinities of type 1/ǫ 2 and log µ/ǫ, it turns out
The solution of the relations above reads
and
We can now obtain the log 2 µ dependent part of the full result at two loop order by only collecting the relevant terms in Eq. (32) while we send ǫ → 0 and using Eq. (34) and Eq. (35) it gives 2 {c
The final result found in Eq. (36) is important because it tells us that the coefficient of the leading logarithmic correction at two loop order can be achieved by finding the double pole coefficient stemming from one-loop diagrams at next-to-next-to leading order. We are also interested to find corrections with single logarithms multiplied by the low energy constants. To this end, we turn back to Eq. (32) and restrict our attention to terms with divergences as 1/ǫ. The cancellation of these infinities requires the relation Now we pick out terms proportional to log µ in Eq. (32) and set ǫ → 0, the result is
where to get the equality we have used Eq. (37) in which the term {c It should be noted that one may compute the single log corrections directly using the one loop diagrams but it sounds the easiest to follow the strategy discussed above.
Calculation of the Leading Logarithm
As we saw, at one loop order there is no chiral logarithmic correction to the kaon decay to diphoton. Therefore, one expects the LL corrections to show up at two-loop order. We explained in the previous section that to obtain the double log corrections we only need to know the double poles from one-loop diagrams. All the necessary subdiagrams of order p 6 for the decay K S → γγ are displayed in Fig. 2 . We only need the divergent part of the integrals so as to find the double pole contribution of the full amplitude. In the Appendix. A we give the divergent part of the resulting integrals. Let us parameterize what we obtain here as A (6) = {c
, being the coefficient of the double pole divergences. Including both pion and kaon loops the result explicitly is
This result to be gauge invariant is regarded as a non-trivial check on our analytical calculations. One additional way to verify the result is to note that Eq. (34) restricts A (6) to obey the relation A (6) ∝ A (6) tree , where A (6) tree is the tree diagram of order p 6 . The octet weak Lagrangian of order p 6 contains many operators but there is only one operator which can make the transition K S → γγ possible. The relevant Lagrangian is parameterized as
where c 1 is an unknown low energy constant. It is then a straightforward task to find the decay amplitude as
We are therefore convinced that the relation A (6) ∝ A (6) tree holds and A (6) has the correct structure. One important observation which turns out from our direct computation is that the pion loop integrals can be disentangled from the kaon loop integrals in our expression 2 . Our result with only pion integrals reads
and with only kaon integrals leads to Table 2 : The branching ratios for the decay K S → γγ at three different values of the renormalization scale are compared including the double chiral log single log corrections.
In the two relations above, terms proportional to q 1µ q 2ν do not contribute to the physical amplitude since photons in the process here are on the mass-shell and consequently q 1 .ǫ 1 = q 2 .ǫ 2 = 0. With the formula provided by Eq. (36) we are now able to write down our formula for the leading log correction
where employed are the leading order mass relations, m In addition, it is of interest to find analytically logarithmic corrections of type log µ × L 
Some numerical results
We are now ready to evaluate numerically the leading log contribution to the decay branching ratio. Let us begin with the NLO amplitude given in Eq. (23) . As input we use for the masses m π + = 0.136 GeV and m K = 0.497 GeV and for the pion decay constant F π = 0.0924 GeV. There is an ambiguity in knowing which values for the weak coupling g 8 and g 27 should be used at this level of calculations. It is found g 8 = 4.99 and g 27 = 0.297 from a fit to the decay K → ππ at leading order, see discussions in [2] . At NLO fit, g 8 receives a rather significant reduction such that g 8 = 3.62 and g 27 = .286 [2] . Since it is the matter of comparing the size of the LL effects with NLO result, it may suffice to use the leading order values of the weak couplings, namely, g 8 = 4.99 and g 27 = 0.297. We also use the same values as introduced above when we compute the LL effects. In Table. 2 we compare the decay branching ratio both at one-loop order and with the inclusion of the LL effects at three different values of the renormalization scale, namely, µ = 1 GeV, 0.77 GeV and 0.5 GeV. As it is evident, the double log correction is the largest at µ = 0.5 GeV and changes very little with varying µ. But at any rate, the size of the correction is small even though it goes in the right direction.
Moreover, we estimate the size of the single log effects. The values for the LECs used in the numerical calculations are listed in Table. 3. Our numerical results shown in Table. 2 indicate that these effects are significantly larger in magnitude than the LL corrections as expected, but they go in the opposite direction with respect to the LL effects.
Conclusions
The calculation of the leading logarithmic corrections at two-loop order has been the main aim behind the present work. These effects are the only part of the NNLO result that can be obtained from one-loop calculations. We knew already from earlier works that LL effects are the sub-dominant part of the NNLO. In the case of K → γγ, earlier findings based on dispersion relation technique suggests that the LL correction might be even smaller than those found in other studied processes. We have shown numerically that the size of the leading log corrections is very small indeed. Relying on earlier experiences and our finding here, we can confirm that the full NNLO correction cannot enhance the branching ratio significantly. In addition, we found analytically the single log corrections of type log µ× LEC as part of the higher order effects. It turned out that these corrections are numerically large but we know that 
